Many examples of natural systems can be described by random Gaussian surfaces. Much can be learned by analyzing the Fourier expansion of the surfaces, from which it is possible to determine the corresponding Hurst exponent and consequently establish the presence of scale invariance. We show that this symmetry is not affected by the distribution of the modulus of the Fourier coefficients. Furthermore, we investigate the role of the Fourier phases of random surfaces. In particular, we show how the surface is affected by a non-uniform distribution of phases.
Introduction
Two-dimensional random surfaces can be considered as a generalization of one-dimensional stochastic processes. Often, properties of natural systems, such as sea surface temperatures, rough graphene surfaces and 2D turbulence can be mapped onto random surfaces [1] [2] [3] [4] [5] [6] . Their scaling properties can be characterized by a single parameter known as the Hurst exponent, H. This exponent is related to the degree of spatial correlation between two points on the surface. For all H > −1 the surfaces are long-range correlated, rough and self-affine [6] [7] [8] . Uncorrelated surfaces correspond to an H-value of -1.
Much can be learned about the properties of random surfaces by studying the paths of constant height (lines) extracted from them 7, [9] [10] [11] [12] [13] . Empirical and numerical studies of these paths suggest that at the height corresponding to the percolation threshold they are scale invariant and that their fractal dimension depends on the Hurst exponent H 10, 14, 15 . In some cases they also have an additional symmetry reflected by the conformal invariance of these paths 4, 6 . This means that the statistics of such curves is covariant with respect to local scale transformations 16 .
There exist several methods to generate random surfaces 17 . In this work, we will consider the Fourier Filtering Method (FFM), where one first creates a random surface in the reciprocal space and then Fourier transforms it into real space.
In the context of random surfaces, it is taken for granted that critical exponents, such as the fractal dimension of the percolation cluster and its perimeters, the correlation length and the susceptibility, depend only on H 18 . In the case of conformal invariance, the current view is not as straightforward. In particular, curves with well defined Hurst exponents do not necessarily exhibit conformal invariance. For example, Bernard et al. observed conformal invariance in the iso-height lines of vorticity fields of 2D turbulence 4 . They also showed, however, that this properties is violated for iso-height lines extracted from surfaces with the same Hurst exponent but with randomly distributed phases of the surface variables in Fourier space. Therefore, it seems that it is not only the Hurst exponent that plays a determinant role in conformal invariance.
The possible dependence of conformal invariance on phase correlations 4 has therefore motivated us to investigate whether the scale invariance of iso-height lines is also affected in a similar way. Given that each point of the random surface in reciprocal space is determined by the phase, as well as the magnitude of a complex number, for completeness we also study the effects of the latter on the scale invariance of the iso-height lines. We therefore investigate how the critical exponents are influenced by Fourier phases, especially their correlations, as well as the distribution of the magnitudes of the Fourier components.
We show that a non-uniform distribution of Fourier phases introduces symmetries in random surfaces and that an increase in phase correlations in Fourier space is equivalent to a translation of the surface in real space. Furthermore, our results show that changes in the shape of the distribution of Fourier magnitudes, without altering their correlations have the sole effect of modifying the height magnitudes of the random surfaces. None of the variations described above do significantly change the H-dependence of the critical exponents as conjectured Schrenk K. J. in 10 .
Method
Gaussian surfaces A set of random real numbers may be interpreted as a surface, where each number corresponds to the height h(x) = h(x 1 , x 2 ) at coordinate x 1 and x 2 10, 12, 13, 17, 19 . In order to create correlated random surfaces, we used the Fourier Filtering Method (FFM) [20] [21] [22] [23] [24] [25] , which consists in defining a complex function η(q) in Fourier space and then taking the inverse transform to obtain h(x). The complex Fourier coefficients η(q) can be written in the form
where q = (q 1 , q 2 ) is the frequency in Fourier space, c(q) the magnitude and φ (q) the phase. In order to obtain a random surface with the desired properties, we chose the power spectrum S(q) of the surface in the form of a power law such that
where β c = 2(H + 1) 17 defines the Hurst exponent. Then, we apply the power-law filter to a real random variable u(q) obtaining for the magnitude
In general, u(q) is Gaussian distributed and φ (q) ∈ [0, 1] is a uniformly distributed noise and c(q) must satisfy the conjugate symmetry condition, c(-q) = c(q) 17 .
The choice of the power spectrum as a filter is justified by the Wiener-Khintchine theorem 17, 26 , which states that the autocorrelation function, C(r), of a time series is the Fourier transform of its power spectrum. Therefore, from the inverse discrete Fourier transform of η(q) we obtain h(
with the desired power-law correlation function 7, 10, 17
According to the definition above, if H = −1 and therefore β c = 0, then the power spectrum in eq. 2 becomes independent of the frequency and the surface uncorrelated (white noise). As H increases from −1, height-height correlations are introduced into the surface.
For any random surface defined on a lattice with H ≥ −1, the percolation threshold p c can be determined using the well established rank method. Moreover, recently a conjecture was put forward for the H-dependence of the fractal dimension, as well as the other critical exponents, at the corresponding critical point p c 10 . It should also be noted that as a consequence of the extended Harris criterion 11, 18, [27] [28] [29] [30] , there are going to be some critical exponents of 2D systems that are not influenced by correlation effects related to H ∈ [−1, −3/4], implying that for those Hurst values, the exponents are expected to be the same as for the uncorrelated system 10 .
In the case of self-affine surfaces, for which H > 0, the percolation threshold is not well defined, since there is no unique value of the surface height at which the system percolates. Nevertheless, in this case also, it is possible to extend some concepts of percolation theory and relate them to H 7, 8 . from one extreme to the other by jumping from one point on the curve to the next at a distance r. Then, the fractal dimension d f p is defined by
Fig. 2.a shows an arbitrary curve where the black dot, in the center of the green circle, indicates the current stick position. During this specific search for the next point on the curve, three possible positions indicated by red, green and blue X's are found. If the option to always take the closest position along the curve (red X) is made, the complete perimeter is obtained. On the other hand, if one always takes the most distant point along the curve (blue dot), which does not avoid the external border, the accessible perimeters is obtained. Indeed, this rule skips points inside fjords and accesses only the external boundary of the coast. Fig. 2 .b shows the difference between the considered paths, for one specific stick size. 
Results and Discussion
Having described the method for generating random surfaces using two sets of random variables, u(q) and φ (q), we now discuss how a surface is affected by changing the form of their respective distributions. Although common 17 , it is not always the case that u(q) follows a Gaussian distribution and φ (q) a uniform one. For example, Giordanelli et al. 6 found that for graphene sheets u(q) is well fitted by f (|u|) ∝ c 1 |u| exp −c 2 |u| 2 , where c 1 , c 2 parameters of the fit. They also found that the Fourier phase distribution φ (q) is bi-modal and not uniform 6 . On the other hand, for the vorticity field of 2D turbulence we confirmed through independent analysis that u(q) follows a Gaussian distribution and that the φ (q) is 3/9 uniformly distributed. Fig. 3 compares the distributions of u(q) (fig. 3.a) and φ (q) (fig. 3.b) extracted from graphene and 2D turbulence systems. Using different distributions with the FFM, we were able to generate surfaces that are statistically similar to those in graphene and the vorticity fields in 2D turbulence. This allowed us to investigate how different distributions influence the resulting random surfaces.
Fourier phases
We start by showing the results obtained from using three different distributions for φ (q) (Gaussian, uniform, and the one found by Giordanelli et al. in graphene) while always keeping the same Gaussian distribution for u(q). Applying the method described in the previous section, we obtained the dependence of the fractal dimension of the complete (d At first glance, the influence of the Fourier phases on the random surface might not be obvious. However, we notice that the phase mainly influences inversion symmetries with respect to the center of the surface as shown in fig. 5 . In order to illustrate the effect we used a Gaussian distribution for φ (q) with variance σ close to zero. In fig. 5 it is possible to identify the same morphological structures when the figure is rotated by an angle π. We have also found the same symmetry for different 4/9 distributions of u(q). This implies that, regardless of the distribution of the Fourier coefficient magnitudes, the symmetries of a random surface depends on whether the distribution of its Fourier phases is uniform or not. 
Correlated phases
It turns out that the Fourier phases from the vorticity fields and graphene sheets that we analyzed are uncorrelated. Nevertheless, in order to understand how correlations affect random surfaces, we generated some samples with artificially correlated Fourier phases. For this purpose, we introduced correlations in the Fourier phases by applying the FFM twice. First we used the FFM to create a surface of correlated random phases in q-space with Hurst exponent H ϕ . This surface corresponds to the phase function in eq. 1 with Hurst exponent H ϕ . Applying the FFM again, we generate Gaussian surfaces with Hurst exponent H and with the desired coefficients and correlated Fourier phases. Using always the same distributions of φ (q) and u(q) and keeping fixed the value of H and the seed of the random number generator, we studied the changes in the surface caused by a change in H ϕ . We found that the correlation of Fourier phases causes a linear translation of the random surfaces ( fig. 6) . A change in H ϕ modifies the slope of the power spectrum (eq. 2), causing all sites of φ (q) to shift proportionally. The random surface is affected by a linear translation because a phase shift corresponds to a translation in real space 38 . 
Magnitude of the Fourier coefficients
We generated sets of random surfaces, each with φ (q) uniformly distributed but with a different distribution of u(q): Gaussian, uniform and the distribution found by Giordanelli et al. in graphene. We then determined the average values of two critical exponents of percolation corresponding to each set of surfaces with a different u-distributions. We first considered the H-dependence of the correlation length critical exponent ν H for −1 ≤ H ≤ 0. It is well established that the critical point p c 0.592746 11, 13, 18, 29 is the infinite system size limit of the percolation threshold p c (H, L) which is H-dependent for finite system sizes, L. Furthermore, the expected scaling behavior 10, 31, 32 is
with ν H = −1/H 10, 39, 40 . Our numerical results in fig. 7 not only confirm that the scaling relation in eq. 7 is respected no matter which one of the three u-distributions we use but also that the value of p c remains unchanged. A consequence of the scaling relation in eq. 7 is that in the asymptotic limit it is sufficient to compute the critical exponents at the percolation threshold, p c . At this critical point, the percolation cluster is a fractal with fractal dimension d f . The occupancy, M max , which is the number of sites that belong to the percolation cluster, scales with lattice size L as,
Using eq. 8 we recovered numerically the value of the fractal dimension as a function of the Hurst exponent. In fig. 8 our results show that the value of the fractal dimension of the percolation cluster remains the same for all three distributions of u(q). We also checked the H-dependence of the susceptibility critical exponent γ by considering the scaling behavior of m 2 , the second moment of the distribution of the cluster sizes at p c defined as 18
Here, the sum goes over all clusters, where M k is the mass of cluster k, and we use the fact that the following scaling behavior holds at 18 :
For uncorrelated percolation (H = −1), γ H=−1 = 43/18, ν H=−1 = 4/3 such that d f = 91/48 and γ H=−1 /ν H=−1 = 43/24 18 . Fig. 8 shows the dependence on H ∈ [−1, 0] of both critical exponents, the fractal dimension of the percolation cluster and the exponent ratio γ/ν, for different distributions of u(q).
In conclusion, our results suggest that both exponents, d f and γ/ν, are independent of the distribution of u(q). In fact, the only change that we identified was in the height values h(x) of the random surfaces.
Conclusions
We considered two concrete examples of random surfaces, namely, the vorticity field of turbulent systems in two dimensions and rough graphene sheets. We investigated how these random surfaces and in particular the critical exponents are influenced by the presence of phase correlations and by changes in the distribution of the Fourier coefficient magnitudes and Fourier phases. Our results show that the Fourier phases distribution of the vorticity field and graphene sheets, within error bars, lead to the same value for the fractal dimension of the complete and accessible perimeters. We also showed that any phase correlation in Fourier space leads to a translation of the random surfaces, and that they do not have any influence on their statistical properties. For different distributions of magnitude of Fourier coefficients our results suggest there is no H dependence of the fractal dimension of the percolation cluster and susceptibility exponent. In addition, we recovered for the critical exponents the same H-dependence as conjectured by Schrenk K. J. 10 . Although we have only considered three examples of Fourier coefficient distributions, we do not expect different results for any other distribution with finite variance. 
